The stabilized conforming nodal integration (SCNI) has been successfully developed for Galerkin meshfree methods based upon the linear exactness requirement. In this study, it is shown that for a given problem domain, when the support of the meshfree shape functions associated with the interior nodes do not cover the essential boundary, the linear exactness can be perfectly achieved by the standard SCNI formulation. On the other hand, when the essential boundary lies in the support of the meshfree shape functions of the interior nodes, a linear field may not be exactly obtained with the original SCNI formulation where the essential boundary conditions are enforced via the nodally exact transformation method, and the error even becomes more pronounced with the increase of support size. To resolve this issue, a flux term associated with the essential boundary is recovered in the variational formulation and it turns out to be proper to keep this term since the meshfree shape functions of interior nodes usually do not vanish on the boundary. Consequently the original SCNI integration constraint is revised and the stiffness matrix is enhanced by an additional stiffness contribution from the flux integration along the essential boundary. It is demonstrated that the proposed enhanced formulation is capable of exactly reproducing linear fields regardless of the support sizes. Moreover, several benchmark examples reveal that the present SCNI formulation with boundary enhancement yields better accuracy compared with the original SCNI approach, particularly for meshfree discretizations with larger support sizes.
Introduction
Meshfree methods ; Li and Liu (2004) ; Zhang and Liu (2004) ; Gu (2005) ; ; Liu (2009) ] enjoy the higher order smoothing and conforming shape functions, for example, the widely used moving least square (MLS) [Lancaster and Salkauskas (1981) ; Nayroles et al. (1992) ; Belytschko et al. (1994) ] or reproducing kernel (RK) [Liu et al. (1995) ; Chen et al. (1996) ; Wang and Chen (2014) ] meshfree approximations. Whereas, the non-polynomial nature of the MLS/RK shape functions with overlapping supports or influence domains poses considerable difficulty and often necessitates higher order Gauss quadrature rules for the weak form evaluation in Galerkin meshfree methods, which on the other hand will severely slow the computation [Dolbow and Belytschko (1999) ; Chen et al. (2001) ; Babuška et al. (2009)] . Thus developing efficient integration methods has been a very important topic for Galerkin meshfree methods [Chen et al. (2001) ; De and Bathe (2001) ; Carpinteri et al. (2002) ; Liu and Belytschko (2010) ]. Directly employing the meshfree nodes as the integration points can accelerate the computation but leads to spurious modes. To remove the instability in nodal integration, Beissl and Belytschko [1996] added the residual square of the equilibrium equation to the conventional potential energy functional. Chen et al. [2001 Chen et al. [ , 2002 investigated the linear exactness requirement of the Galerkin meshfree methods and found that both meeting linear completeness of the meshfree approximation and satisfying the so-called integration constraint are required for the Galerkin meshfree methods to exactly reproduce an arbitrary linear field. Then through introducing a strain or gradient smoothing technique ], Chen et al. [2001 Chen et al. [ , 2002 proposed a stabilized conforming nodal integration (SCNI) method for linear and nonlinear problems. It was also shown that this approach has a very sound variational basis [Sze et al. (2004) ].
The SCNI with gradient smoothing exactly meets the integration constraint and does not involve any artificial stability parameter. The stability and efficiency are simultaneously achieved in this formulation. Consequently SCNI has quickly become one of the most widely used approaches for Galerkin meshfree methods. Wang and Chen [2004, 2006] , Chen and Wang [2006] , Wang and Wu [2008] and Wang and Sun [2011] systematically established the locking-free SCNI formulations with curvature smoothing for shear deformable beam, plate and shell problems. This approach was also generalized to develop the sub-domain stabilized conforming integration for the static, free vibration, buckling and transient analyses of thin beams and plates [Wang (2006) ; Wang and Chen (2008) ; Wang and Lin (2010, 2011); Wang and Peng (2013) ]. The application of SCNI to the natural element method showed extraordinary accuracy and efficiency as well [Yoo et al. (2004) ]. To address the extremely large formation problems, a stabilized non-conforming nodal integration was proposed by Guan et al. [2011] based upon SCNI. The integration constraint in SCNI was generalized by Duan et al. [2012] to construct a quadratically consistent meshfree integration method. The damage analysis with two level strain smoothing and SCNI was discussed by Wang and Li [2013] and Wu et al. [2014] . Recently, the arbitrary order variationally consistent integration for meshfree methods was developed by Chen et al. [2013] , where SCNI was shown to be variationally consistent. The progress and recent developments of SCNI have been summarized by Chen et al. [2011] . On the other hand, it is noticed that the SCNI strain or gradient smoothing [Chen et al. ( , 2001 ] was also successfully extended to formulate the weakened weak forms and smoothed finite element and point interpolation methods [Liu and Zhang (2009); Liu et al. (2007 Liu et al. ( , 2013 ; Nguyen-Xuan and Liu (2013) ; Nguyen-Xuan et al. (2008) ; Xu et al. (2012) ; Zhang et al. (2013) ; Wu and Wang (2013) ]. More details on this class of rapidly growing methods can be found from the monograph by Liu and Trung [2010] .
In this study, first, we comprehensively examine the linear exactness for SCNI of Galerkin meshfree methods where the essential boundary conditions are enforced by the transformation method [Chen et al. (1996) ; Chen and Wang (2000) ] in a nodally exact way. Through typical numerical examples we show that for a given problem domain with meshfree particle discretization, the support sizes of the meshfree shape functions that define their locality and support domains have considerable influence on the linear exactness test. It is demonstrated that when the support sizes of the interior meshfree nodes do not cover the essential boundary, the linear exactness is perfectly obtained by the standard SCNI Galerkin formulation. However, when the essential boundary belongs to the support sizes or the influence zones of the interior nodes, although small, but relatively noticeable errors are observed for the linear exactness test and the errors intend to grow when the support sizes increase. Subsequently, the reason behind this issue is investigated. It is shown that since the meshfree shape functions of the interior nodes usually do not vanish on the essential boundary, their contributions along the essential boundary have to be properly incorporated into the variational formulation. Therefore, the integration constraint and the variational formulation are revised by adding the boundary enhancement, i.e., the flux integration along the essential boundary. The resulting discrete stiffness matrices then consist of two parts, the first part is the conventional one integrated with SCNI, and the second part is the enhanced stiffness from the boundary flux integration generated from the interior nodes whose shape functions do not vanish on the essential boundary. Numerical tests prove that the present enhanced formulation exactly meets the linear exactness regardless of the choice of the support sizes. Furthermore, benchmark example problems demonstrate that the present enhanced SCNI formulation produces more favorable solution accuracy especially when larger support sizes are employed for the meshfree shape functions.
The layout of the paper is as follows. Section 2 gives a summary of SCNI formulation followed by a detailed examination of the linear exactness for Galerkin meshfree methods, where possible errors of the linear exactness test are identified for certain cases. In Sec. 3, a boundary enhancement is presented for the SCNI 
SCNI Formulation and Linear Exactness Examination

SCNI formulation
Without loss of generality, we consider the following potential problem with a dependent variable u(x):
where the subscript "," means the partial differentiation, s is the source term. Ω is the problem domain with the essential boundary Γ g and the natural boundary Γ t , n = {n x n y } T is the outward normal of the boundary, g and q n are the prescribed values for the dependent variable and the corresponding flux on Γ g and Γ t , respectively. Following the SCNI derivation proposed by Chen et al. [2001] , the integration constraint for the linear exactness is derived from the following variational form corresponding to Eq. (1) without the source term:
where ∇ is the gradient operator. Introduce the following Bubnov-Galerkin approximations:
where NP is the number of the meshfree particles. Ψ I (x) is the MLS/RK meshfree shape function and d I is the corresponding nodal coefficient. According to the MLS/RK theory [Liu et al. (1995) ; Chen et al. (1996) ], Ψ I (x) has the following form:
where ϕ a (x I − x) is the kernel function that has a support size of a, which defines the influence domain or locality of the meshfree shape function associated with the node x I . In practice a normalized support size of a n is often used, which is defined as the ratio between the absolute support size of a and the characteristic nodal distance. Here the two dimensional kernel function ϕ a (x I − x) has a rectangular influence domain which is formed by taking a tensor product of two 1D cubic B-spline kernel functions in x and y directions. p(x) and M (x) are the monomial basis vector and moment matrix given by:
Substituting the meshfree approximations into Eq. (2) yields the nodal equilibrium between the internal and external nodal forces:
where A is the global assembly operator.
If u h (x) has linear form and by the linear completeness of the meshfree shape function the nodal coefficient d I should have the following form:
with a, b and c being arbitrary constants, and then we have:
Consequently, Eq. (7) becomes:
Subsequently due to the arbitrariness of q c , the integration constraint for the linear exactness is obtained as:
If the numerical integration is performed in a nodal fashion, Eq. (14) leads to the following discrete integration constraints [Chen et al. (2001) ]:
and
where supp(Ψ I ) denotes the influence domain of Ψ I , which is defined by the support size of the kernel function, namely, a or a n . As shown in Fig. 1 nodal representative domain Ω L associated with the node x L · x B and L B are the integration point and weight for the natural boundary. NBT represents the number of integration points on the natural boundary. The integration constraint can be identically satisfied by introducing the following smoothed nodal gradient measure [Chen et al. ( , 2001 ]:
are the nodally smoothed gradients for the meshfree shape function:
where as shown in Fig. 1 , Γ L with outward normal n is the boundary of the nodal representative domain Ω L .
With the definition of the smoothed nodal gradient vector in Eq. (17), it is straightforward to verify that the discrete integration constraint of Eq. (15) is exactly met due to the fact that an interior boundary with opposite normal vectors is shared by two adjacent conforming nodal smoothing domains. Meanwhile, the integration constraint of Eq. (16) is satisfied as well if the same boundary integration rules are employed for the boundary integrations in Eq. (17) and the right hand side of Eq. (16).
Based upon the smoothed gradient vector of Eq. (17), the discrete counterpart of Eq. (2) under the assumed strain formulation becomes: with
where T is the transformation matrix which relates the meshfree nodal coefficients to the corresponding physical nodal values. It is noted that the full transformation method proposed by Chen et al. [1996] is employed here to exactly enforce the essential boundary conditions at the nodes. In practice, the equivalent mixed transformation method [Chen and Wang (2000) ] can be used to accelerate the computation.
Examination of linear exactness
In this sub-section, we shall comprehensively examine the linear exactness for the SCNI formulation given in Eqs. test:
Two types of meshfree kernel support with the same particle arrangement as shown in Fig. 2(b) are considered. Here the kernel support of meshfree shape function has a rectangular shape. The first type is that all interior nodes have no influence on the essential boundary, i.e., the shape functions of the interior nodes vanish at the boundary. This type of discretization is shown in Fig. 3(a) , where the red nodes have a normalized support size of 1, the normalized support size of the blue node is 1.5, and there is no restriction of the support size of the boundary purple nodes which also is selected as 1.5 in the test. Of course, the selection of support sizes should ensure a correct rank for the meshfree moment matrix. In this case, the error plot of the linear exactness test with SCNI are shown in Fig. 3(b) , which clearly demonstrates that the SCNI formulation exactly pass the linear exactness test.
The second test is that all nodes have the same normalized support size of 1.5 as shown in Fig. 4 , which implies that the boundary lies in the support of the interior red nodes. The linear exactness test result with the SCNI meshfree formulation is listed in Fig. 4 (b) which shows that noticeable error is observed in this case. Further increasing the normalized support size to 2 and 3 leads to more pronounced errors as shown in Figs. 
4(c) and 4(d). Consequently a natural question arises that what
causes the difference between the tests I and II, where the integration constraint of Eq. (14) is uniformly satisfied.
Boundary Enhancement for SCNI Formulation
In this section, we address the reason behind the different performances of the SCNI meshfree formulation in the previous section and propose a boundary enhancement for the SCNI approach which will perfectly pass the linear exactness test regardless of the choices of support sizes.
Let's re-consider the variational form stated in Eq. (2), it is clear that a fundamental assumption to fulfill Eq. (2) is that δu = 0 on Γ g . A close examination shows that actually this condition is not met due to the non-interpolatory property of the MLS/RK shape functions. Meanwhile, even the transformation method does not make the transformed shape functions vanish homogenously on the boundary. It turns out that this missing term causes the errors in the previous linear exactness test. Thus the complete variational form of Eq. (1) is re-written as
Next following a similar argument for the linear exactness requirement, the integration constraint becomes: where the second term in the left hand side of Eq. (26) is the contribution from the nodes whose supports cover the essential boundary. It is noted that in a series of recent works by Chen et al. [2013] , Ruter et al. [2013] and Hillman et al. [2014] , a general arbitrary order Petrov-Galerkin type of integration constraints were systematically presented and validated, with particular emphasis on high order meshfree methods. Accordingly Eq. (26) can be recast as a special case associated with the linear exactness, where the essential boundary conditions are specifically incorporated. However, the focus here is that even when the essential boundary conditions are enforced by the transformation method in a nodally exact manner, the second term in Eq. (26) due to the essential boundary conditions should still be properly taken into account in the SCNI stiffness formulation to ensure the linear exactness for arbitrary support sizes. This essential boundary related term usually is not explicitly considered in the construction of smoothed nodal gradients and SCNI stiffness matrix when the transformation method is employed for the imposition of essential boundary conditions. Alternatively, this issue can also be resolved through bringing the essential boundary conditions into the variational form via Lagrangian multipliers. Nonetheless, this will introduce additional unknowns and larger system of equations. At this point we concentrate on the transformation treatment of essential boundary conditions and we would like to clearly identify that how the flux term on the essential boundary in Eq. (26) would affect the performance of SCNI method, particularly for the linear exactness tests with different support sizes as discussed in Sec. 2. A nodal integration of Eq. (26) gives the revised discrete integration constraints:
where x C and L C are the integration point and weight on the essential boundary, and NBG denotes the corresponding number of integration points. Based on the smoothed gradient definition in Eq. (17), it is trivial to show that the integration constraints of Eqs. (27) and (28) are satisfied if the same boundary integration method is used for the nodal representative domain boundary, the natural boundary as well as the essential boundary, i.e., the trapezoidal rule is used in this study.
With the variational form of Eq. (25), the discrete meshfree formulation takes the same form as Eq. (19) but the stiffness matrix for the scalar potential problem now contains two parts: with
where the stiffness K BE IJ is the contribution from the meshfree nodes whose shape functions do not homogeneously vanish on the essential boundary Γ g . Consequently K BE IJ is just a boundary integral and only computed for a few nodes whose influence domains cover Γ g , and the evaluation of K BE IJ usually does not introduce additional computational effort obviously compared with the domain integration of K SC IJ . The linear exactness test II in the previous section is analyzed by the present enhanced method again to demonstrate its effectiveness. Four different normalized support sizes a n = 1.5, 2, 2.5, 3 are used in the computation and the results of the errors between the numerical and exact solutions are listed in Fig. 5 . It is clearly shown that regardless of the support sizes, the linear exactness is always ensured by the present SCNI formulation with boundary enhancement. The reason is that the boundary enhancement properly takes into account the influence of the interior nodes on the essential boundary, which does not occur for the conventional finite element method since the shape functions associated with the interior finite element nodes usually vanish on the entire boundary. The same derivation also applies to the elasticity problem and the resulting stiffness matrices and force vector are given by:
where C is the standard elasticity matrix, b andt are the given body force and traction.B I and N (x C ) are defined as:
Numerical Examples
In this section, several benchmark examples are presented to compare the standard SCNI formulation and the present enhanced SCNI formulation. A linear basis function and a cubic B-Spline Kernel function are employed to construct the meshfree shape functions.
Potential problem
Consider a scalar potential problem with a source term of s = −4. The problem has a square domain with a length of L = 1. The boundary condition is assumed to be the essential type and the boundary value is computed form the following analytical solution: Three progressively refined meshfree discretizations with 9 × 9, 17 × 17, and 33 × 33 nodes are used with three different normalized support sizes, i.e., a n = 1.5, 2, 3. Both L 2 and H 1 errors are computed for comparison purpose. The results are plotted in Figs. 7-9, where SCNI represents the standard SCNI meshfree formulation, while ESCNI means the present SCNI formulation with boundary enhancement. It is seen that when the support size is relatively small, say, a n = 1.5, the shape function of interior nodes have negligible effect on the boundary and the results of SCNI and ESCNI are quite close as shown in Fig. 7 . However, as shown in Figs. 8 and 9 , when the support size becomes larger, the shape functions of interior nodes have stronger influence on the boundary and consequently ESCNI has better performance than SCNI.
Cantilever beam problem
The second example considered herein is the elastic cantilever beam subject to a parabolic shear load with a magnitude of P = 10 KN as shown in Fig. 10 . The geometry and material properties for this problem are: beam length L = 10 m, beam height H = 2 m, Young's modulus E = 30 MPa and Poission's ratio ν = 0.3. The analytical solution for this problem is [Timoshenko and Goodier (1970) 
where I = H 3 /12 is the moment of inertia.Ē andν are given by:
In this study, the plane strain case is analyzed. For this problem, due to the antisymmetry property about the x axis, only the top half beam is modeled. The three discretizations with 31 × 4, 61 × 7 and 91 × 10 nodes as shown in Fig. 11 are used for the convergence study. The results using two different normalized support sizes, namely, a n = 1.5 and 2.5, are plotted in Figs. 12 and 13, respectively. The results confirms that the difference between SCNI and ESCNI is not too distinct for a smaller normalized support size of 1.5, while on the other hand a larger normalized support size of 2.5 leads to a more superior response for ESCNI than SCNI. Furthermore the shear stress distributions at the beam cross section x = 0.5 are reported in Fig. 14 for the second discretizaton with a n = 2.5, which shows that the solution of ESCNI has a better agreement with the analytical solution.
Hollow cylinder under internal pressure
The last example is the elastic hollow cylinder under internal pressure p as depicted in Fig. 15 . The geometry, loading and material properties for this problem are given by: cylinder inner radius r i = 1 m, outer radius r o = 4 m, pressure p = 10 KPa, Young's modulus E = 21.1 MPa and Poisson's ratio v = 0.3. The analytical radial and hoop displacements for this problem are [Timoshenko and Goodier (1970) ]:
whereĒ andv are given in Eq. (39). During the two-fold symmetry, only a quarter cylinder is modeled using the meshfree discretizations listed in Fig. 16 discretization are 30, 99 and 208. In computation the plane strain condition is adopted and the exact displacements computed from Eq. (40) are imposed on the inner boundary. It is noted that the meshfree discretziations are non-uniform for this problem and then the absolute support sizes of a = 1, 2 are used for the meshfree shape functions, which corresponds to averaged normalized support sizes of 1.4 and 2.8, respectively. The convergence results are reported in Figs. 17 and 18. Once again it is shown that there is no significant difference between SCNI and ESCNI with a relatively smaller support size of a = 1, while more favorable convergence behavior is founded for a = 2 as demonstrated in Fig. 18 . Meanwhile, the radial stress distributions for the third discretization of Fig. 16 with a = 2 are depicted in Fig. 19 , as reveal that the superior performance of the proposed enhanced formulation. 
Conclusions
In this work, it was shown that the Galerkin meshfree methods with SCNI exactly reproduce linear fields or meet the linear exactness in case that the shape functions of the interior meshfree nodes vanish at the essential boundary, where the essential boundary conditions are exactly imposed at the boundary nodes using the transformation method. However, noticeable error may occur when the influence domains of the shape functions associated with the interior nodes cover the essential boundary, which also intends to grow with the increase of support sizes. This issue is remedied through introducing a boundary enhancement for the SCNI of Galerkin meshfree methods. This boundary enhancement term is derived from a complete variational formulation that properly takes into account the flux generated by the interior nodes along the essential boundary. Accordingly the integration constraint for linear exactness was revised and an enhanced stiffness matrix was added to the standard SCNI meshfree formulation. It was systematically demonstrated that linear exactness can be consistently ensured by the proposed formulation without any dependence on the choice of support sizes. Meanwhile, numerical results further revealed that the proposed approach produces more favorable solution accuracy compared with the original SCNI Galerkin meshfree formulation, in particular for the meshfree discretizations with relatively larger support sizes.
